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Phenomenological spin transport theory driven by anomalous Nernst effect
Tomohiro Taniguchi
National Institute of Advanced Industrial Science and Technology (AIST),
Spintronics Research Center, Tsukuba, Ibaraki 305-8568, Japan
Several experimental efforts such as material investigation and structure improvement have been
made recently to find a large anomalous Nernst effect in ferromagnetic metals. Here, we de-
velop a theory of spin transport driven by the anomalous Nernst effect in a diffusive ferromag-
netic/nonmagnetic multilayer. Starting from a phenomenological formula of a spin-dependent elec-
tric current, the theoretical formulas of electric voltage and spin torque generated by the anomalous
Nernst effect are derived. The magnitude of the electric voltage generated from the spin current via
the inverse spin Hall effect is on the order of 0.1 µV for currently available experimental parameter
values. The temperature gradient necessary to switch the magnetization is quite larger than the
typical experimental value. The separation of the contributions of the Seebeck and transverse spin
Seebeck effects is also discussed.
PACS numbers: 72.25.Ba, 72.10.Bg, 85.75.-d, 72.15.Jf
I. INTRODUCTION
The generation of spin current is a central topic in spin-
tronics. An application of electric current to a current-
perpendicular-to-plane (CPP) structure has been the
most conventional method to generate spin current. The
spin current interacts with the magnetizations in ferro-
magnets, and provides interesting phenomena such as
magnetoresistance effect and spin torque excited mag-
netization dynamics1–5. Alternative methods to gener-
ate spin current, such as nonlocal spin-injection6–9, spin
pumping by ferromagnetic resonance10–14, spin Hall ef-
fect by spin-orbit interaction15–18, spin Seebeck effect by
heating19–22, and spin hydrodynamic generation by fluid
dynamics23, have also been proposed theoretically and
demonstrated experimentally.
A temperature gradient applied to a ferromagnet
causes not only the Seebeck effect but also the anomalous
Nernst effect, where an electric field is produced along
the direction normal to the temperature gradient and
the magnetization24–27. The magnitude of the anoma-
lous Nernst effect (∼ 1 µV/K) is currently smaller than
that of the Seebeck effect (∼ 10 µV/K). Recently, how-
ever, several efforts, such as material investigation25,26
and structure improvement27, have been made to inves-
tigate a large anomalous Nernst effect in ferromagnetic
metals. The motivation of these works is generating large
electric power by simpler structure than the spin See-
beck system25. Note that the anomalous Nernst effect
also generates spin current because of the spin-dependent
transport properties. Note also that one can find a ge-
ometrical analogy between the anomalous Nernst effect
and the anomalous Hall effect, which generates the elec-
tric field along the direction normal to the external elec-
tric voltage and the magnetization. The physical phe-
nomena driven by the spin-dependent Seebeck effect and
the anomalous Hall effect, such as a generation of electric
voltage and excitation of spin torque, have been exten-
sively studied28–33. On the other hand, such phenomena
by the anomalous Nernst effect have not been quantita-
tively discussed enough. For example, it is still unknown
how much temperature gradient is necessary to realize
observable phenomena, such as a power generation and
spin torque switching, by the anomalous Nernst effect,
which are already reported in the other systems. Ac-
cordingly, it is fundamentally interesting to investigate
spin-dependent transport theory driven by the anoma-
lous Nernst effect.
In this paper, we develop a theory of the spin transport
in a ferromagnetic/nonmagnetic metallic multilayer by
the anomalous Nernst effect. Using the phenomenologi-
cal expression of the electric current carried by th spin-ν
(ν =↑, ↓ or ±) electrons with the spin-dependent trans-
port coefficients and appropriate boundary conditions,
we evaluate the magnitudes of electric voltage via the in-
verse spin Hall effect and spin torque generated by the
anomalous Nernst effect in a ferromagnetic/nonmagnetic
multilayer. The electric voltage is on the order of 0.1 µV
for currently available parameter values found in experi-
ments. This value is too small for practical application,
but will be useful in evaluating the spin polarization of
the anomalous Nernst coefficient. The direction of the
spin torque can be controlled by changing the magne-
tization direction which becomes an advantage over the
spin torque excitation by the spin Hall effect, where the
torque direction is geometrically restricted. The mag-
nitude of the temperature gradient for switching (106
K/mm) is, however, quite larger than the experimentally
available value. In experiments, the conventional Seebeck
effect and the transverse spin Seebeck effect will also con-
tribute to the voltage generationa and spin torque effect.
The procedures to separate thse contributions from that
of the anomalous Nernst effect are also discussed.
2II. SPIN TRANSPORT THEORY
A. Definition of spin-dependent current
The spin-ν electron (ν =↑, ↓ or ±) in a ferromagnet
in the presence of the temperature gradient carries the
electric current density given by
Jc,ν =
σν
e
∇µ¯ν + σνSν∇T + σνNνm×∇T, (1)
where σν , Sν , and Nν are the conductivity, the Seebeck
coefficient, and the anomalous Nernst coefficient of the
spin-ν electron, respectively. Although we mainly focus
on the spin current generated by the anomalous Nernst
effect, terms related to the spin-dependent Seebeck effect
are taken into account as much as possible, for generality.
The electron’s charge is −e. The unit vector pointing
in the direction of the magnetization is denoted as m,
where we assume that m is uniform in a ferromagnet.
The electrochemical potential of the spin-ν electron is
µ¯ν . The spin polarization of the conductivity is defined
as34
β =
σ↑ − σ↓
σ↑ + σ↓
. (2)
To define the electric and spin currents from Eq. (1),
it is convenient to introduce the Seebeck coefficient S ,
the anomalous Nernst coefficient N , and their spin po-
larizations, pS and pN, as follows:
S =
σ↑S↑ + σ↓S↓
σ
, (3)
N =
σ↑N↑ + σ↓N↓
σ
, (4)
pS =
σ↑S↑ − σ↓S↓
σ↑S↑ + σ↓S↓
, (5)
pN =
σ↑N↑ − σ↓N↓
σ↑N↑ + σ↓N↓
, (6)
where σ = σ↑ + σ↓. Then, Eq. (1) can be rewritten as
Jc,ν =
(1 + νβ)
2
σ
e
∇µ¯ν +
(1 + νpS)
2
σS∇T
+
(1 + νpN)
2
σN m×∇T.
(7)
The total electric current density, Jc = Jc,↑ + Jc,↓, and
the spin current density, Js = −[~/(2e)](Jc,↑ − Jc,↓), are
given by
Jc =
σ
e
∇µ¯+
βσ
e
∇δµ
+ σS∇T + σN m×∇T,
(8)
Js =−
~βσ
2e2
∇µ¯−
~σ
2e2
∇δµ
−
~pSσ
2e
S∇T −
~pNσ
2e
N m×∇T.
(9)
Here, we introduce the electrochemical potential µ¯ and
the spin accumulation δµ as µ¯ = (µ¯↑ + µ¯↓)/2 and δµ =
(µ¯↑ − µ¯↓)/2. The anomalous Nernst coefficient has been
estimated experimentally from an electric voltage pro-
portional to ρ|Jc|, where ρ = 1/σ is the resistivity
25,26.
Therefore, according to Eq. (8), the experimentally esti-
mated anomalous Nernst coefficient corresponds to N .
The value of β is typically between -1 and 1, meaning
that both the spin-up and spin-down electrons move in
same direction in the presence of the electric field. On
the other hand, we assume that the value pN does not
have such restriction, as in the case of the anomalous
Hall effect33. The vector notation in Eq. (9) represents
the direction of the electrons flow in the spatial space.
We assume that the penetration depth of the transverse
spin current is sufficiently short4,35–37, and therefore, the
direction of the spin polarization of the spin current is
parallel to the magnetization. The spin current is a ten-
sor product between the spin polarization and electrons
flow, i.e., m⊗ Js.
Equations (8) and (9) are applicable to metallic fer-
romagnetic/nonmagnetic multilayer for the investigation
of the spin-dependent physical phenomena, such as gen-
eration of electric power by spin current and excitation
of spin torque. We will show examples of such theoret-
ical study in the following. In this section, we assume
an uniform temperature gradient along the x-direction,
i.e., ∇T = ∂xTex and ∇
2T = 0. Also, we focus on the
spin injection in the z-direction, and assume translation
symmetry along the y-direction. Using the conservation
law of the electric current ∇ · Jc = 0, and applying the
open circuit conditions along the x- and z-directions, we
find from Eqs. (8) and (9) that
ex · Js = −
~(1− β2)σ
2e2
∂xδµ+
~(β − pS)σ
2e
S ∂xT, (10)
ez · Js = −
~(1− β2)σ
2e2
∂zδµ−
~(β − pN)σ
2e
N my∂xT.
(11)
Here, the spin current densities are expressed in terms
of the gradients of the spin accumulation and tem-
perature. The spin accumulation obeys the diffusion
equation34, ∇2δµ = δµ/ℓ2, with the spin diffusion length
ℓ. Note that an additional term proportional to ∇2T
should be added to the diffusion equation of the spin
accumulation38 when the temperature gradient is nonuni-
form, ∇2T 6= 0. In this case, the solution of the spin ac-
cumulation depends on the temperature profile. In this
section, we consider the uniform temperature gradient, as
assumed in the experiments20. For generality, however,
we derive the diffusion equation for the nonuniform tem-
perature profile in Appendix A. The above formulas are
valid in the presence of both the spin-dependent Seebeck
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FIG. 1: (Color online) (a) Schematic view of the fer-
romagnetic(F)/nonmagnetic(N) multilayer. The temper-
ature gradient applied to the ferromagnet along the x-
direction induces the spin current into the nonmagnet by
the anomalous Nernst effect. The injected spin current
is converted to an electric voltage VISHE by the inverse
spin Hall effect. The unit vector pointing in the magne-
tization direction, m, has a finite y component to injects
the spin current into the nonmagnet. (b) Schematic view
of the ferromagnetic(F1)/nonmagnetic(N)/ferromagnetic(F2)
multilayer. The temperature gradient is applied to the F2
layer along the x-direction, and induces the spin current into
the F2 by the anomalous Nernst effect. The injected spin cur-
rent excites spin torque on the magnetization of the F1 layer,
m1.
and anomalous Nernst effects. The physical phenomena
related to the spin-dependent Seebeck effect has been ex-
tensively studied19–22. The following part of this paper,
on the other hand, focuses on the anomalous Nernst ef-
fect. The separation of the contribution from the spin-
dependent Seebeck39,40 is discussed below.
The anomalous Hall effect and the anisotropic mag-
netoresistance in ferromagnets also generate spin cur-
rent. In the presence of these effects, terms propor-
tional to σAHEm ×∇µ¯ν and σAMR(m ·∇µ¯ν)m should
be added to Eq. (1), where σAHE and σAMR are the con-
ductivities related to the anomalous Hall effect and the
anisotropic magnetoresistance. As discussed in Ref.33, in
the presence of an external electric field Ex along the
x-direction, the dominant term of the electrochemical
potential, ∇µ¯ν , is the electric field, Exex. Then, the
anomalous Hall effect, for example, generates pure spin
current in the z-direction when the magnetization points
to the y-direction. In the present system, on the other
hand, the external electric field is absent. The electro-
chemical potential varies spatially along the z-direction
due to the spin diffusion driven by the anomalous Nernst
effect. Therefore, the gradient ∇µ¯ν points to the z-
direction. In this case, the anomalous Hall effect does
not induce spin current in the z-direction, and thus, can
be neglected here.
B. Voltage generation by inverse spin Hall effect
A common method to detect spin current is the inverse
spin Hall effect, where the spin current is converted to an
electric voltage. In this section, we derive an analytical
formula of the electric voltage generated by the anoma-
lous Nernst and inverse spin Hall effects.
The system we consider is shown in Fig. 1(a), where an
uniform temperature gradient is applied to a ferromag-
net along the x-direction, while a nonmagnet is placed
on the ferromagnet along the z-direction. Here, we use
the subscripts, ”F” and ”N”, to distinguish whether the
quantities are defined in the ferromagnetic or in the non-
magnetic layer. A temperature gradient generates spin
current flowing into the nonmagnet by the anomalous
Nernst effect, and the injected spin current is converted
to the electric voltage by the inverse spin Hall effect. In
the spin-dependent Seebeck experiment19, the magneti-
zation points to the x-direction, and the inverse spin Hall
effect generates an electric voltage along the y-direction.
On the other hand, the magnetization m has a finite y
component to inject the spin current into the nonmag-
net. In this case, the inverse spin Hall effect generates
the electric voltage along the x-direction.
Solving the diffusion equation, the solution of the spin
accumulation in the ferromagnet is given by
δµF =
4π
2(gF/A) sinh(dF/ℓF)
×
{
~(β − pN)
2e
σFN my∂xT cosh
(
z − dF
ℓF
)
−
[
JF/Ns +
~(β − pN)
2e
σFN my∂xT
]
cosh
(
z
ℓF
)}
,
(12)
where J
F/N
s is the spin current density flowing at the
ferromagnetic/nonmagnetic boundary. The thicknesses
of the ferromagnet and nonmagnet along the z-direction
are denoted as dF and dN, respectively. We also intro-
duce gF/A = h(1 − β
2)σF/(2e
2ℓF), where A is the cross
section area of the ferromagnetic/nonmagnetic interface.
The typical nonmagnets used in the experiments of the
inverse spin Hall effect are, for example, Pt, Ta, and W
because these heavy metals show large spin Hall angles.
The spin diffusion length of such a heavy metal nonmag-
net is usually short41, and therefore, the diffusion equa-
tion of the spin accumulation in the nonmagnet should
also be solved. Similarly to Eq. (12), the spin accumula-
tion in the nonmagnet is given by
δµN =
4π
2(gN/A) sinh(dN/ℓN)
JF/Ns cosh
(
z − dF − dN
ℓN
)
,
(13)
where gN/A = hσN/(2e
2ℓN). The boundary condition at
the ferromagnetic/nonmagnetic interface is34,42
JF/Ns =
1
4πA
(1− γ2)g
2
2 [δµF(z = dF)− δµN(z = dF)] ,
(14)
where g = g↑ + g↓ and γ = (g↑ − g↓)/(g↑ + g↓) are the
dimensionless interface conductance and its spin polar-
ization, respectively. The conductance gν (ν =↑, ↓) re-
lates to the interface resistance of the spin-ν electron as
rν = (h/e
2)A/gν with h/e2 ≃ 25.9 kΩ. From Eq. (14),
the spin current density at the interface is
JF/Ns = −
~(β − pN)g˜
2egF
σFN my∂xT tanh
(
dF
2ℓF
)
, (15)
4where g˜ is defined as
1
g˜
=
2
(1− γ2)g
+
1
gF tanh(dF/ℓF)
+
1
gN tanh(dN/ℓN)
.
(16)
Then, we find that the spin current density inside the
nonmagnet, Js,N = −[~σN/(2e
2)]∂zδµN, is
Js,N =
~(β − pN)g˜
2egF
tanh[dF/(2ℓF)]
sinh(dN/ℓN)
× σFN my∂xT sinh
(
z − dF − dN
ℓN
)
.
(17)
The averaged spin current density, 〈Js,N〉 =
(1/dF)
∫ dF+dN
dF
Js,zdz, becomes
〈Js,N〉 =−
~(β − pN)g˜ℓN
2egFdN
tanh
(
dF
2ℓF
)
× tanh
(
dN
2ℓN
)
σFN my∂xT.
(18)
The spin current is converted to an electric current by the
inverse spin Hall effect as Jc,ISHE = ϑm × Js/[−~/(2e)],
where ϑ is the spin Hall angle in the nonmagnet, and
we assume that the magnetization is assumed to be
parallel to the y-direction. This electric current gen-
erates an electric field along the x-direction given by
EISHE = (ϑ/σN)my〈Js,N〉/[−~/(2e)]. Then, we find that
an electric voltage generated through the inverse spin
Hall effect, VISHE = EISHELN , is given by
VISHE =
ϑ(β − pN)g˜ℓNLN
σNgFdN
tanh
(
dF
2ℓF
)
× tanh
(
dN
2ℓN
)
σFN m
2
y∂xT,
(19)
where LN is the length of the nonmagnet along the x-
direction. We should emphasize here that the large as-
pect ratio of the nonmagnet, LN/dN, in Eq. (19) enables
to generate an observable voltage, although the spin cur-
rent magnitude is small. Therefore, it will be possible
to measure a small voltage generated by a reasonable
temperature gradient by optimizing the experimental ge-
ometry. Such approach cannot be used to the spin torque
switching problem, and therefore, it is difficult to excite
the magnetization dynamics by the spin torque driven by
the temperature gradient, as will be discussed in the next
section.
A typical value of the electric voltage obtained in the
spin-dependent Seebeck experiments is on the order of
1 µV19. Now let us estimate the temperature gradi-
ent to generate the electric voltage of 1 µV from the
anomalous Nernst effect. The experimental value of N
is on the order of 1 µV/K25,26, which is one order of
magnitude smaller than the Seebeck coefficient. Consid-
ering NiFe/Pt multilayer as an example, the resistivity
ρF = 1/σF, the spin polarization β, and the spin diffusion
length ℓF of the ferromagnet are 241 Ωnm, 0.73, and 5.5
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FIG. 2: (Color online) Dependence of the electric voltage
VISHE on the thickness of the ferromagnet, dF, where N = 1.0
µV/K and ∂xT = 30 K/mm. The value of the spin polariza-
tion of the anomalous Nernst coefficient pN varies as 3, -1, 1,
and 3.
nm, respectively41,43, We assume that pN = 3 for NiFe
43.
The magnetization points to the y-direction, my = 1.
On the other hand, for Pt, ρN = 1/σN, ℓN, and ϑ are 397
Ωnm, 2 nm, and 0.01, respectively44. The thicknesses
are assumed to be dF = 10 nm and dN = 10 nm, while
LN = 1 mm, which are similar to the values used in the
spin-dependent Seebeck experiments. The value of the
interface resistance is derived from typical metallic ferro-
magnetic/nonmagnetic multilayer42, (1−γ2)g/(2A) = 24
nm−2. Then, we find that the temperature gradient sat-
isfying VISHE = 1 µV is on the order of |∂xT | = 2.9× 10
2
K/mm. This value is one order of magnitude larger than
the temperature gradient used in spin-dependent Seebeck
experiments, 10 K/mm. The large value of the tempera-
ture gradient is due to the small value of the anomalous
Nernst coefficient, N ∼ 0.1S . In other words, the elec-
tric voltage generated by the anomalous Nernst effect for
currently available values of the parameters is on the or-
der of 0.1 µV when a conventional temperature gradient
is applied.
Although the generated electric voltage is small, the
measurement of the electric voltage might provide impor-
tant information of the spin-dependent transport prop-
erties caused by the anomalous Nernst effect. Figure 2
shows the dependence of the electric voltage, Eq. (19), on
the thickness of the ferromagnet dF. The values of the
parameters are those mentioned above, while the tem-
perature gradient is 30 K/mm. The magnitude of VISHE
increases from zero, and saturates for dF ≫ ℓF. Note that
the saturated value of VISHE is proportional to β − pN.
Therefore, the measurement of VISHE will be useful to
evaluate the magnitude and the sign of the spin polar-
ization of the anomalous Nernst effect.
5C. Excitation of spin torque
In this section, we study the excitation of spin torque
by the anomalous Nernst effect. The system we con-
sider is shown in Fig. 1(b), where a nonmagnet, N, is
sandwiched by two ferromagnets, F1 and F2 layers. The
temperature gradient is applied to the F2 layer. The F2
layer injects spin current into the F1 layer, and excites
spin torque on the magnetization of the F1 layer, m1. In
the following, we use the subscripts ”k” or ”Fk” (k = 1, 2)
to distinguish whether the quantities are related to the
Fk layer or to the Fk/N interface.
The spin torque is excited by the injection of the
spin current through the interface. Similar to the
previous section, the spin current at the ferromag-
netic/nonmagnetic interface relates to the spin accumu-
lations in each layer. Note that the boundary condition
of the spin current and spin accumulation used in the
previous section, Eq. (14), is valid when the alignment
of the magnetizations in the multilayer is collinear. On
the other hand, a noncollinear alignment of the magne-
tizations is necessary to excite spin torque4,5. In a fer-
romagnetic multilayer having noncollinear alignment of
the magnetizations, Eq. (14) is extended to
I
Fk→N
s =
1
4π
[
(1− γ2k)gk
2
mk · (µFk − µN)mk
− gr(Fk)mk × (µFk ×mk)− gi(Fk)µN ×mk
]
,
(20)
where gr and gi are the real and imaginary parts of the
mixing conductance42. The vector notation in Eq. (20)
represents the spin polarization of spin current flowing
in the z-direction. Note that µF is defined as m · µF =
µ¯↑ − µ¯↓, according to Ref.
42, while δµ in the previous
section is δµ = (µ¯↑ − µ¯↓)/2. Substituting the solution of
the spin accumulation in the F2 layer, which is similar
to Eq. (12), into Eq. (20), the spin current at the F2/N
interface is
I
F2→N
s =−
~g∗F2
2egF2
tanh
(
d2
2ℓ2
)
(β − pN)σF2N m2yA∂xTm2
−
1
4π
[
g∗F2 (m2 · µN)m2 + gr(F2)m2 × (µN ×m2)
+gi(F2)µN ×m2
]
,
(21)
where gFk/A = h(1 − β
2)σFk/(2e
2ℓk) was introduced in
the previous section, while g∗Fk is defined as
1
g∗Fk
=
2
(1 − γ2Fk)gk
+
1
gFk tanh(dk/ℓk)
. (22)
On the other hand, the spin current at the F1/N interface
is given by
I
F1→N
s = −
1
4π
[
g∗F1 (m1 · µN) + gr(F1)m1 × (µN ×m1)
+gi(F1)µN ×m1
]
.
(23)
A nonmagnetic metal having a long spin diffusion
length, such as Cu41, should be inserted between the F1
and F2 layers to avoid the relaxation of the spin po-
larization of the spin current. Thus, we assume that
the spin current in the nonmagnet is conserved, i.e.,
I
F1→N
s + I
F2→N
s = 0. The spin accumulation in the non-
magnet is determined by this condition. In general, the
spin accumulation in the nonmagnet can be expressed as
µN = am1 + bm1 ×m2 + cm1 × (m2 ×m1) . (24)
The exact solutions of the coefficients, a, b, and c, are
summarized in Appendix B. The spin torque acting on
the magnetization of the F1 layer relates to the spin ac-
cumulation µN via
T =
γ0
M1V1
m1 ×
(
I
F1→N
s ×m1
)
= −
γ0~
4πM1V1
[
gr(F1)m1 × (µN ×m1) + gi(F1)µN ×m1
]
,
(25)
where γ0, M1, and V1 = Ad1 are the gyromagnetic ratio,
saturation magnetization, and volume of the F1 layer,
respectively. Assuming a negligibly small value for the
imaginary part of the mixing conductance gi
42, we find
that the spin torque formula is given by
T = −
γ0~
2eM1d1
gr(F1)g
∗
F2
tanh[d2/(2ℓ2)]
gF2 [gr(F1) + g
∗
F2
]
× (β − pN)σF2N m2y∂xT
m1 × (m2 ×m1)
1− λ1λ2(m1 ·m2)2
.
(26)
The parameter λk is defined as ((k, k
′) = (1, 2) or (2, 1))
λk =
gr(Fk) − g
∗
Fk
gr(F
k′
) + g
∗
Fk
. (27)
Similar to the spin torque excited by an electric current
in a CPP geometry, the direction of the spin torque can
be controlled by changing the magnetization direction
of the F2 layer, m2. This is an important difference
compared with the spin torque excited by the spin Hall
effect45, where the direction of the spin torque is deter-
mined geometrically. The dependence of the spin torque
magnitude on the relative angle of the magnetizations,
cos−1 m1 ·m2, is, on the other hand, different from the
spin torque in a CPP geometry, which is described as
m1 × (m2 ×m1)/(1 + λm1 ·m2). Equation (26) is simi-
lar to the spin torque formula excited by the anomalous
Hall effect33. Note also that the spin torque driven by the
spin-dependent Seebeck effect is studied in Refs.28,29,46.
Let us evaluate the temperature gradient necessary for
switching the magnetization in the F1 layer. The mag-
netization dynamics in the F1 layer is described by the
Landau-Lifshitz-Gilbert (LLG) equation,
dm1
dt
= −γ0m1 ×H+T+ αm1 ×
dm1
dt
. (28)
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FIG. 3: The dependence of the magnitude of the temperature
gradient, |∂xT |, for spin torque switching on the anomalous
Nernst coefficient N .
The spin torque, T, is given by Eq. (26). The Gilbert
damping constant α is assumed to be small, and there-
fore, the higher order terms of α, as well as the products
of α and spin torque, are neglected. The magnetic field,
H = HKm1zez, consists of perpendicular anisotropy field
HK. Linearizing the LLG equation around the equilib-
rium m1 = +ez, we find that the temperature gradient
necessary to destabilize the magnetization of the F1 layer
is given by
∂xT =
2αeM1d1
~(β − pN)σF2N tanh[d2/(2ℓ2)]
×
(1− λ1λ2m
2
2z)
2gF2 [gr(F1) + g
∗
F2
]
(1− λ1λ2)m2ym2zgr(F1)g
∗
F2
HK.
(29)
The critical temperature gradient becomes infinite when
m2y = 0 because the anomalous Nernst effect does not
produce spin current in the z-direction. The critical tem-
perature gradient becomes also infinite when m2z = 0
since the work done by spin torque during a precession
around the equilibrium state is zero.
We estimate the magnitude of Eq. (29) for typical
ferromagnet used in the experiments, where M = 1000
emu/c.c., HK = 500 Oe, and α = 0.005, respectively
25,47.
The thicknesses of the F1 and F2 layers are assumed to
be 2 and 10 nm, respectively. The mixing conductance
is gr/A = 25 nm
−242. The other parameters, ρ, ℓ, β,
and (1 − γ2)g/A are the same with those used in the
previous section. The magnetization direction of the F2
layer is set to be (mx,my,mz) = (0, sin 45
◦, cos 45◦). Fig-
ure 3 shows the dependence of the temperature gradient
|∂xT |, Eq. (29), on the anomalous Nernst coefficient,
N . The temperature gradient for spin torque switching
with a typical value of the anomalous Nernst coefficient,
N = 1 ∼ 10 µ/V, is on the order of 105 − 106 K/mm,
which is quite larger than the temperature gradient used
in current experiments for both the spin-dependent See-
beck and anomalous Nernst effects19,25,26,43. Therefore,
the experimental observation of the spin torque switch-
ing by applying a temperature gradient is current dif-
ficult. An alternative method to produce temperature
gradient and/or significant improvement in developing
suitable material will be necessary to observe the mag-
netization dynamics excited by the anomalous Nernst ef-
fect.
D. Separation of Seebeck and transverse spin
Seebeck effects
The above calculations have neglected the Seebeck ef-
fect and the transverse spin Seebeck effect, while these ef-
fects are usually much larger than the anomalous Nernst
effect in the conventional metals19–22,25,26. In this sec-
tion, let us discuss the methods to separate the contri-
butions from these effects from the above results.
We first discuss the contribution from the Seebeck ef-
fect to the generation of the electric voltage. For exam-
ple, when the temperature gradient is also applied to the
nonmagnet in the geometry of Fig. 1(a), the Seebeck ef-
fect in the nonmagnet generates an electric voltage along
the x-direction given by VS = SNLN∂xT , where SN is
the Seebeck coefficient of the nonmagnet. Using the val-
ues used in Fig. 2, i.e., ∂xT = 30 K/mm and LN = 1
mm, and assuming that SN ≃ 10 ×N ∼ 10 µV/K
25,26,
we find that VS is on the order of 10
2 µV. This value
is much higher than the voltage generated through the
inverse spin Hall effect. The contribution from the See-
beck effect, however, is separated by measuring the de-
pendence of the voltage on the thickness of the nonmag-
net, dN, because the contribution from the Seebeck ef-
fect is independent of the thickness, while that through
the inverse spin Hall effect decreases with decreasing the
thickness, and becomes zero in the zero thickness limit,
as can be seen in Eq. (19). In other words, the contribu-
tion from the Seebeck effect is evaluated from the total
voltage Vtotal measured in the geometry of Fig. 1(a) as
VS = limdF,dN→0 Vtotal.
We also discuss the effect of the transverse spin Seebeck
effect on the voltage measurement. The spin-dependent
Seebeck effect creates the spin accumulation in the fer-
romagnet, which is given by
δµ =
(β − pS)eℓFS ∂xT
(1− β2) sinh(LF/ℓF)
[
cosh
(
x
ℓF
)
− cosh
(
x− LF
ℓF
)]
,
(30)
where we apply the open circuit condition along the x-
direction. The length of the ferromagnet along the x-
direction is denoted as LF. Note that the sign of Eq. (30)
is changed with respect to the center of the ferromagnet,
as confirmed in the experiment19. The spin accumulation
given by Eq. (30) generates spin current flowing along the
z-direction through the interface, and produces the elec-
tric field ETSSEISHE along the x-direction by the inverse spin
Hall effect, which is proportional to δµ(x)48. The voltage
generated by the transverse spin Seebeck effect is given
7by
∫
ETSSEISHE dx ∝
∫
δµ(x)dx, where the integral range is
over the length of the nonmagnet. When the center of
the nonmagnet along the x-direction is same with that
of the ferromagnet, the integral becomes zero, indicating
that the transverse spin Seebeck effect does not generates
net voltage along the x-direction. This is because the
electrons having the spin parallel and antiparallel to the
magnetization of the ferromagnet equally contributes to
the voltage with the opposite sign, and cancel each other.
Alternative method to separate the contribution from
the transverse spin Seebeck effect is to measure the
voltages by changing the magnetization direction from
m = +ey to m = −ey. In this case, the spin current
originated from the spin Seebeck effect changes the direc-
tion of the spin polarization, resulting in the sign change
in the voltage through the inverse spin Hall effect. On
the other hand, the voltage originated from the anoma-
lous Nernst effect does not change the sign because the
direction of the electrons flow simultaneously changes its
direction. This difference can be seen from Eq. (9). The
spin current originated from the spin Seebeck effect is
the vector product between the spin polarization (‖ m)
and the current density, i.e., ∝m⊗S∇T , and therefore,
changes the sign by the reversal of the magnetization di-
rection from m = +ey to m = −ey. On the other hand,
the spin current originated from the anomalous Nernst
effect is proportional to m⊗N m×∇T , which does not
change the sign by the magnetization reversal.
In summary, the electric voltage measured in the ge-
ometry in Fig. 1(a) consists of three contributions, the
voltages generated through the inverse spin Hall effect
via the anomalous Nernst effect V ANEISHE and the trans-
verse spin Seebeck effect V TSSEISHE , and the Seebeck effect
VS. The total voltage is Vtotal = VS + V
TSSE
ISHE + V
ANE
ISHE .
The contribution from the Seebeck effect is separated
by subtracting the voltage in the zero thickness limit,
limdN,dF→0 Vtotal = VS. The transverse spin Seebeck ef-
fect does not contribute to the voltage when the centers
of the nonmagnet and the ferromagnet are same. Even if
these centers locate at different positions, the contribu-
tion from the transverse spin Seebeck effect is separated
by comparing the voltages for m = ±ey, i.e., Vtotal(m =
+ey)− Vtotal(m = −ey) = 2V
TSSE
ISHE (m = +ey).
Next, we consider the separation of the contribution
from the transverse spin Seebeck effect to the spin torque
switching. Similar to the above discussion, the transverse
spin Seebeck effect does not contribute to the switch-
ing when the nonmagnet locates on the center of the
F2 layer, where the spin accumulation generated by the
spin-dependent Seebeck effect, Eq. (30), is zero. On
the other hand, when the nonmagnet locates on different
position, the transverse spin Seebeck effect also excites
spin torque on the magnetization in the F1 layer. The
temperature gradient for the magnetization switching is,
in general, sum of the contributions from the anoma-
lous Nernst effect ∂xT
ANE given by Eq. (29) and the
transverse spin Seebeck effect ∂xT
TSSE. We notice that
the sign of the temperature gradient for the magnetiza-
tion switching by the anomalous Nernst effect changes
its sign by changing the magnetization direction from
m2 = (0,m2y,m2z) to m2 = (0,−m2y,m2z). This is be-
cause such change of the magnetization direction changes
the flow direction of the electrons having the spin par-
allel and antiparallel to m2, and thus, the z compo-
nent of the spin polarization injected into the F1 layer
also changes its sign. On the other hand, the z compo-
nent of the spin polarization in the spin current origi-
nated from the transverse spin Seebeck effect does not
change its sign by such change of the magnetization di-
rection. Therefore, the contribution from the anomalous
Nernst effect to the magnetization switching is evaluated
by comparing the temperature gradients of the switching
for m2 = (0,m2y,m2z) and m2 = (0,−m2y,m2z), i.e.,
∂xT (m2y > 0)− ∂xT (m2y < 0) = 2∂xT
ANE(m2y > 0).
III. CONCLUSION
In conclusion, we developed a theory of spin transport
in metallic ferromagnetic/nonmagnetic multilayer. We
derived the theoretical formulas of the electric voltage
via the inverse spin Hall effect, Eq. (19), and the spin
torque, Eq. (26), excited through the anomalous Nernst
effect by using a phenomenological equation of the spin-
dependent current, Eq. (1). The estimated value of the
temperature gradient which is necessary to obtain a large
voltage or torque for practical application is at least one
to two orders of magnitude larger than the experimen-
tally available value using the current technique. The
experimental efforts recently made, such as the material
investigation25,26 and structure improvement27, however,
will provide possibilities to observe these phenomena ex-
perimentally. The Seebeck and transverse spin Seebeck
effects will also contribute to the experimental measure-
ments. The contribution from the anomalous Nernst ef-
fect can be, however, evaluated separately from these ef-
fects by measuring the thickness and/or magnetization
direction dependences of the generated voltage and the
temperature gradient for the magnetization switching.
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8Appendix A: Diffusion equation of spin accumulation
in the presence of nonuniform temperature gradient
Here, we derive the diffusion equation of the spin ac-
cumulation in the presence of nonuniform temperature
gradient, i.e., ∇2T 6= 0. Using Eq. (8), the conservation
law of the electric current, ∇ · Jc = 0, gives
∇
2 (µ¯+ βδµ) = −eS∇2T. (A1)
Note that the anomalous Nernst effect does not affect
the conservation law of the electric current even in the
presence of the nonuniform temperature gradient because
of the vector formula, ∇ · (m × ∇T ) = 0. Then, the
divergence of the spin current density, Eq. (9), becomes
∇ ·Js = −
~(1− β2)σ
2e2
∇
2δµ+
~(β − pS)σ
2e
S∇
2T. (A2)
On the other hand, the divergence of the spin current
density is34,
∇ · Js = −
~(1− β2)σ
2e2ℓ2
δµ. (A3)
Then, we obtain the diffusion equation of the spin accu-
mulation,
∇
2δµ =
δµ
ℓ2
+ e
(β − pS)
(1− β2)
S∇
2T. (A4)
The last term, e[(β−pS)/(1−β
2)]S∇2T , can be written
as −e(p′S/2)S∇
2T , where S = S↑ + S↓ and p
′
S = (S↑ −
S↓)/(S↑ + S↓).
The solution of the spin accumulation in Eq. (A4)
depends on the temperature profile. Note that the addi-
tional term to the spin diffusion equation is proportional
to S∇2T . Thus, the additional term can be neglected
when we are only interested in the anomalous Nernst ef-
fect.
Appendix B: Explicit solutions of the coefficients in
Eq. (24)
The conservation of the spin current in the nonmagnet,
I
F1→N
s + I
F2→N
s = 0, can be, in general, rewritten as
g∗F1(m1 · µN)m1 + gr(F1)m1 × (µN ×m1) + gi(F1)µN ×m1
+ g∗F2(m2 · µN)m2 + gr(F2)m2 × (µN ×m2) + gi(F2)µN ×m2
= s1m1 − s2m2,
(B1)
where s1 and s2 are magnitudes of source terms. In
the main text, only the F2 layer gives the source of
spin current by the anomalous Nernst effect, and thus,
s1 = 0 and s2 = −[~g
∗
F2
/(2egF2)] tanh[d2/(2ℓ2)](β −
pN)σF2N m2yA∂xT . For generality, let us assume that
the F1 layer also provides source term. We note that, in
the presence of source terms of transverse spin current,
such as spin pumping13, new source terms pointing in
the direction perpendicular to the magnetization should
be added to the right hand side. We expand µN as Eq.
(24), and introduce the notation z˜ = m1 ·m2. The exact
solutions of a, b, and c are given by
a =
(a11 + a12z˜ + a13z˜
2 + a14z˜
3)s1
a31 + a32z˜ + a33z˜2 + a34z˜3
+
(a21 + a22z˜ + a23z˜
2 + a24z˜
3)s2
a31 + a32z˜ + a33z˜2 + a34z˜3
,
(B2)
where
a11 = −gi(F1)[g
2
i(F1)
+(gr(F1)+g
∗
F2)(gr(F1)+gr(F2))], (B3)
a12 = −gi(F2)[3g
2
i(F1)
+ (gr(F1) + g
∗
F2)(gr(F1) + gr(F2))],
(B4)
a13 = −gi(F1)[3g
2
i(F2)
+ (gr(F2) − g
∗
F2)(gr(F1) + gr(F2))],
(B5)
a14 = −gi(F2)[g
2
i(F2)
+(gr(F2)−g
∗
F2)(gr(F1)+gr(F2))], (B6)
a21 = g
2
i(F1)
gi(F2), (B7)
a22 = gi(F1)[g
2
i(F1)
+ 2g2i(F2) + (gr(F1) + gr(F2))
2], (B8)
a23 = gi(F2)[2g
2
i(F1)
+ g2i(F2) + (gr(F1) + gr(F2))
2], (B9)
a24 = gi(F1)g
2
i(F2)
, (B10)
a31 =− gi(F1)[g
∗
F2g
2
i(F2)
+ g2i(F2)gr(F1) + g
2
i(F1)
(gr(F2) + g
∗
F1)
+ g∗F2(gr(F2) + g
∗
F1)(gr(F1) + gr(F2))
+ gr(F1)(gr(F2) + g
∗
F1)(gr(F1) + gr(F2))],
(B11)
a32 =− gi(F2)[2g
∗
F2g
2
i(F1)
+ g2i(F2)g
∗
F2 + g
2
i(F2)
gr(F1)
− 2g2i(F1)gr(F2) + 3g
2
i(F1)
(g∗F1 + gr(F2))
+ g∗F2(gr(F2) + g
∗
F1)(gr(F1) + gr(F2))
+ gr(F1)(gr(F2) + g
∗
F1)(gr(F1) + gr(F2))],
(B12)
a33 =gi(F1){g
2
i(F2)
gr(F1) + g
2
i(F1)
gr(F2)
+ gr(F1)gr(F2)(gr(F1) + gr(F2))
− g∗F2 [g
2
i(F1)
+ 2g2i(F2) + (gr(F1) − g
∗
F1)(gr(F1) + gr(F2))]
− g∗F1 [3g
2
i(F2)
+ gr(F2)(gr(F1) + gr(F2))]},
(B13)
9a34 =gi(F2){g
2
i(F2)
gr(F1) + g
2
i(F1)
gr(F2)
+ gr(F1)gr(F2)(gr(F1) + gr(F2))
− g∗F2 [g
2
i(F1)
+ (gr(F1) − g
∗
F1)(gr(F1) + gr(F2))]
− g∗F1 [g
2
i(F2)
+ gr(F2)(gr(F1) + gr(F2))]},
(B14)
and
b =
(b11 + b12z˜)s1 + (b21 + b22z˜)s2
b31 + b32z˜ + b33z˜2
, (B15)
where
b11 = gi(F2)(gr(F1) + g
∗
F2), (B16)
b12 = −gi(F1)(gr(F2) − g
∗
F2), (B17)
b21 = gi(F1)(gr(F2) + g
∗
F1), (B18)
b22 = −gi(F2)(gr(F1) − g
∗
F1), (B19)
b31 =− g
2
i(F2)
gr(F1) − g
2
i(F1)
gr(F2)
− gr(F1)gr(F2)(gr(F1) + gr(F2))
− g∗F1 [g
2
i(F1)
+ (gr(F1) + g
∗
F2)(gr(F1) + gr(F2))]
− g∗F2 [g
2
i(F2)
+ gr(F2)(gr(F1) + gr(F2))],
(B20)
b32 = −2gi(F1)gi(F2)(g
∗
F1 + g
∗
F2), (B21)
b33 =g
2
i(F2)
gr(F1) + g
2
i(F1)
gr(F2)
+ gr(F1)gr(F2)(gr(F1) + gr(F2))
− g∗F1 [g
2
i(F2)
+ gr(F2)(gr(F1) + gr(F2))]
− g∗F2 [g
2
i(F1)
+ (gr(F1) − g
∗
F1)(gr(F1) + gr(F2))],
(B22)
and
c =
(c11 + c12z˜)s1 + (c21 + c22z˜)s2
c31 + c32z˜ + c33z˜2
(B23)
where
c11 = −gi(F1)gi(F2), (B24)
c12 = −g
2
i(F2)
− (gr(F2) − g
∗
F2)(gr(F1) + gr(F2)), (B25)
c21 = g
2
i(F2)
+ (gr(F2) + g
∗
F1)(gr(F1) + gr(F2)), (B26)
c22 = gi(F1)gi(F2), (B27)c31 =− g
2
i(F2)
gr(F1) − g
2
i(F1)
gr(F2)
− gr(F1)gr(F2)(gr(F1) + gr(F2))
− g∗F1 [g
2
i(F1)
+ (gr(F1) + g
∗
F2)(gr(F1) + gr(F2))]
− g∗F2 [g
2
i(F2)
+ gr(F2)(gr(F1) + gr(F2))],
(B28)
c32 = −2gi(F1)gi(F2)(g
∗
F1 + g
∗
F2), (B29)
c33 =g
2
i(F2)
gr(F1) + g
2
i(F1)
gr(F2)
+ gr(F1)gr(F2)(gr(F1) + gr(F2))
− g∗F1 [g
2
i(F2)
+ gr(F2)(gr(F1) + gr(F2))]
− g∗F2 [g
2
i(F1)
+ (gr(F1) − g
∗
F1)(gr(F1) + gr(F2))].
(B30)
The spin torque acting on the magnetization of the F1
layer is
T =
γ0
M1V1
m1 ×
(
I
F1→N
s ×m1
)
= −
γ0
4πM1V1
[(
gr(F1)c+ gi(F1)b
)
m1 × (m2 ×m1)
+
(
gr(F1)b− gi(F1)c
)
m1 ×m2
]
.
(B31)
As shown, the coefficient a does not appear in the spin
torque formula. This is because only the transverse (nor-
mal to the magnetization) component of the spin accu-
mulation provides spin torque. When the imaginary part
of the mixing conductance is negligibly small (gi → 0)
42,
the coefficient b becomes zero.
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